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OSCILLATION THEOREMS FOR «TH ORDER NONLINEAR DIFFERENTIAL EQUATIONS WITH DEVIATING ARGUMENTS S. R. GRACE AND B. S. LALLI
Abstract.
In this note we study the oscillatory behavior of solutions of the nth order nonlinear functional differential equation x<">(/) + q(t)f(x[g(t)]) =0, »teven, without assuming that the deviating argument is retarded or advanced. Sufficient conditions are established for all solutions of the equation to be oscillatory.
The purpose of this note is to obtain some oscillation criteria for the «th order equation (4) /0a du/f(u) < oo and fS0a du/f(u) < oo for any a > 0; (5) f(xy) s* Kf(x)f(y) for x, y > 0 and K is a positive constant. In what follows, by a proper solution of (1), we mean a function x G C"[[TX, oo ), R] which satisfies (1) for all sufficiently large t and sup{\x(t)\: t > T) > 0 for any T s* Tx. A proper solution of (1) is called oscillatory if it has arbitrarily large zeros and it is called nonoscillatory otherwise.
We will have an occasion to use the following two lemmas given in [1] . Lemma 1. Let u be a positive and n-times differentiable function on an interval [ tQ, oo). // u(n) is of constant sign and not identically zero on any interval of the form [/" oo), tx > t0, then there exists a tu> tQ and an integer I, 0 < / < n with n + / even for uin) >0 or n + / odd for u(n) < 0 and such that I > 0 implies u(k)(t) > 0 for every t > tu (k = 0,1,...,/ -1) and Kn -1 implies (-l)l+ku(k)(t) > 0 for every t 3= tu (k = l,l+ l,...,n-1). M'/2=(^T)T-
We also need the following lemma.
Lemma 3. Let n = 1, and conditions (2)- (4) hold, if
where A = {t G [t0, oo): /0 < g(t) < t}. the retarded part of g(t), then all proper solutions of (I) are oscillatory.
Proof. The proof is similar to that of Theorem 2 in [3] and hence is omitted. (5) hold. Then all proper solutions of (I) are oscillatory if
Theorem 1. Let conditions (2)-
where A -{t G[t0, oo): t0 < g(t) < /}, the retarded part of g(t).
Proof. Let x(t) be a nonoscillatory solution of (1), say x(t) > 0 for t 3= tx 3= t0. Then there exists t2 3= i, such that x[g(t)] > 0 for t > t2.
By Lemma 1, there exists a t3 3= t2 such that (7) i(i)>0 and x<"-1)(0 > 0 for t > t3.
Next, applying Lemma 2 for u = x, we derive that there exists a t4 3= t3 such that
Consequently, since g(t) -» oo as t -> oo, there exists a /5 3= tA such that
Now, using (5) we get
for some constant c > 0. Now if we let u(t) -x1-" ])(t), then (9) reduces to
Using Lemma 3, we obtain the desired contradiction. If x(t) < 0 for t 3= ?, 3= t0, then the transformation^ = -x transforms (1) to
where f*(y) = -f(-y). Thus the above argument can be repeated on the positive solutionsy(t) of (1'); this in turn yields the required results for negative solutions of (1).
For illustration consider the following example. and so from Theorem 1, it follows that all proper solutions of (1) are oscillatory.
The following theorem extends and improves Theorem 3.2 of Wong [9] who considered the equation ( 1 ) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of (1), say x(t) > 0 for t 3= tx 3= t0. It follows, as in the proof of Theorem 1 that there exists a r3 3= ?2 so that x(t)>0 and x(n~l>(t)>0 forrs=?3. Now, applying Lemma 2 for u = x and X = 4, we easily derive that there exists t4 3= t3 such that
Since a(f ) -» oo as / -» oo, there exists ts > t4 such that
x[{o(tj\>Mx/2o"-2(t)x"'-x\o(t)\ for f>/5. Now, by condition (13) and the fact that x("~ X)(t) is nonincreasing, we have
Integrate the above inequality from t5 to t to obtain
ds < w(t5) -w(t) < w(t5) < oo for all t < r5. This contradicts (14). The case x(r) <0 for t > tx > t0 is similar and hence is omitted.
Corollary. Let the condition (14) in Theorem 2 be replaced by
lim V-Pt~ccJ,0p(s)o" P2(s) ds < oo.
2(s)o(s)
Then the conclusion of Theorem 2 holds.
In the following theorem the function / is not required to be differentiable. 2. It is easy to check that our Theorems 2 and 3, when specialized to equation (11), turn out to be a substantial improvement on Theorem 3.2 in [9] and a result in [6] .
3. It is clear that we do not stipulate that the function g in equation (1) be either retarded or advanced. Hence our theorems may hold for ordinary, retarded, advanced, and mixed type equations (see Examples 1 and 2 above).
4. The results of this paper can be extended to equations of the form 
